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Qualltatlve Study of a Planar Pursuit Evasion Game
in the Atmosphere
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A coplanar pursuit-evasion game of kind in the atmosphere between a coasting pursuer and a maneuvering
evader of constant speed is considered. The aerodynamic forces acting on the pursuer are modeled in two
different forms: one for small and the other for large angles of attack. For both models the adjoint equations
can be integrated analytically starting at the circular target set of the game. This allows one to determine the
optimal strategies of the pursuer and the evader on the boundary of the capture seét, called the ““barrier.”’ On
the barrier the existence of singular surfaces for the evader are observed A representatlve example of barrler

trajectories starting on the dispersal surface is given.

I. Imtroduction

EALISTIC pursuit evasion games, opposing a missile to
LN\ a maneuvering aircraft in the atmosphere, are character-
ized by an inherent dissymmetry. The missile is designed to be
faster and more maneuverable than the aircraft. This kinemat-
ical advantage is, however, temporary. The rocket motor ac-
celerating the missile to a high velocity is of short duration. In
the coasting phase, the high, but finite, kinetic energy of the
missile is rapidly dissipated by the work done against the
aerodynamic drag. On the other hand, the fuel flow of an
aircraft being rather slow allows the aircraft to maintain con-
stant or slowly varying velocity for a very long period of time.
This fact can be interpreted as that the evader has in practical
terms almost unlimited energy. The basis of the dissymmetry
between pursuer and evader is therefore kinematic advantage
vs energy conservation advantage. The above outlined dissym-
metry results in the temporary nature of the kinematic advan-
tage of the missile (the pursuer). Consequently, the evading
aircraft cannot be reached from every initial state.

" Analysis of pursuit evasion games between constant speed
vehicles':? showed that a faster and more maneuverable pur-
suer can achieve ‘‘point capture’’ in a finite time from any
initial condition. The optimal strategies in such a game, with
the time of capture as the payoff,* are for both players to turn
at maximum rate toward the final line-of-sight direction. Once
the players reach this line they continue to move along it until
capture. In the game between two variable speed players,* the
optimal strategies are similar; both players turn toward the
final line-of-sight direction with an asymptotically decaying
rate and in effect never reach this final direction. The game
was analyzed employing a real-space coordinate system whose
origin and axes changed from party to party and each player’s
optimal motion in real space was described in terms of a map
of ‘trajectories independent of adversary and role. The game
solution was obtained by combining these trajectory maps
parameterized by the small but nonzero difference between the
final-flight direction and final line of sight.
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In the present paper, the missile vs aircraft encounter is
formulated as a qualitative, pursuit-evasion game (game of
kind). The objective in solving such a game is to determine the
set of initial conditions from which the optimally played game
terminates with the victory of the pursuer. In a game of kind,
the pursuer wins if the ‘‘target set’’ of the game is reached in
some finite time. The target set is defined by some prescribed
criterion of ‘‘capture’’ (not necessarily point-capture) depend-
ing on the problem. In a game of kind, there is no specific
payoff function. The zone of pursuer’s victory is called the
““capture set’’ of the game, and the objective of the pursuer is
to maximize the zone, while the evader attempts to minimize
this zone. The game of kind solution also yields the optimal
strategies of the players along the boundary of the capture set.
In the context of a missile vs aircraft encounter, the capture set
corresponds to the effective (no-escape) firing envelope of the
missile. '

The simplest model for such a game preserving the salient
features of the original problem is of coplanar geometry be-
tween a coasting pursuer and a constant-speed evader.

Several versions of such a model were investigated in recent
years. In Ref. 5 the attainability domain of a coasting vehicle
was studied and in Ref. 6 the capture region of this pursuer
opposed to a constant velocity evader in simple motion was
analyzed. In both of these works, the aerodynamic forces
acting on the pursuer were explicitly defined as functions of
the angle of attack. In Ref. 7 the case of a coasting pursuer,
using a parabolic drag model and employing proport10nal
navigation opposed to a constant velocity maneuvering
evader, was investigated as an optimal evasion problem.

The objective of the present paper is to study the qualitative
game solution with the previously described dynamics using
suitable aerodynamic models, for both small and large angles
of attack.

II. Problem Definition
The geometry of planar pursuit defining the state variables
of the game is depicted in Fig. 1. A vehicle P, called the
pursuer, possessing a velocity Vp is pursuing in planar motion
a second vehicle, the evader E, assumed to be flying with a
constant velocity V.
The equations of motion are

R = Vg cos(yg — 8) — Vp cos(yp —6) m
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Fig. 1 Geometry of planar pursuit.

8 = [V sin(yg — 6) — Vp sin(yp — 9)I/R 2
ve = Tgug 3)
Ve= —kpV3Cp 4
';’Ff = T'pup %)

where kp is a constant depending on the altitude, Cp is the
nondimensional drag coefficient, I'z and I'» are the maximum
turning rates of the evader and the pursuer, respectlvely, and
ug and up are the controls.

The I'z and T'» depend on the maximum lateral acceleration
available to the players and are therefore functions of the
flight conditions. For a constant-speed vehicle in horlzontal
flight, the value of I'is constant. '

Neglecting gravity, the turning rate of the pursuer is given
by

Tpup = kpVpC, ©®
where C, is the nondimensional lift coefficient having a limit
value of Cppax, i.€.,

Tp = kpVpClrmax M

For the aerodynamic coefficients C, and Cp, two different

models are considered. For missiles operating in the domain of
small angles of attack, a linear lift

CL=C0 ®

and a parabolic drag polar
Cp =Cpo+(KC})o? )]
model are appropriate. For missiles of high maneuverability,
requiring large angles of attack, a nonlinear aerodynamic

model, used in Refs. 5 and 6, is more representative:

kpCL = sin2ax (10)

kpCp = c¢i(k —cos2e) an

The coefficients ¢; and k are derived in Appendix A.
Let us define new normalized variables,

8 R/Ry (12)
v Vv (13)
8 Wp/Re (14)

where R, is the minimum admissible turning radius of the
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pursuer defined by
Rier=Vp/Tp=1/[kpCpmal (15)

Note that for the high-angle-of-attack model, kpCjmax= .
With these new variables, and with a dot now denoting the
derivative with respect to normalized time ¢ ’, the pursuit game
system of equations for the case of a parabollc drag polar is
defmed as follows:

r=cos(yg —8) — v cos(yp —6) (16)
f=[sin(ye —6)—v sin(yp —6)1/r an
Ye=oug (18)
v=—via+bu?) (19)
Yp=VUp (20)

where ¢ is the ratio of pursuer’s minimum turning radius to
that of the evader (in general 0<1), @ =Cpy/Cprnx and
b = KCymax-

For the nonlinear areodynamic model, Egs. (19) and (20)
become

v= —(k —cos2c)v? 21
yp=V sin2a 22)

and « can be used as a control of the pursuer.

This is a fifth-order system. The number of independent
variables can be reduced to four, which is the minimal repre-
sentation of the system, if use is made of the evader and
pursuer relative angles with respect to the line of sight,
¢r = (yz —0) and ¢p = (yp — 0), respectively. However, the
use of the reduced system complicates unnecessarily the analy-

'sis without any particular advantage. Therefore, in the sequel,

Egs. (16-20) will be employed. The controls of the players are
ug and up (or o), respectively.

The game described by the preceding equations terminates
with capture when the pursuer approaches the evader to a
prescribed normalized distance ry. In other words, the target
set T of the game is defined as a closed circular cylinder of
radius ry:

T = (x€E% r=ry) 23)

where x = (r, 8, ve, v, yp)' is the state vector, and no addi-
tional conditions are imposed on 6, yg, v, and yp.

II1. Derivation of Optimal Strategies

The solution of a qualitative game, such as the one formu-
lated in the previous section of this paper, is to determine the
boundary of the capture set in the game and the respective
optimal strategies. The capture set is the set of all admissible
initial conditions xo = (ro, 89, YE0» Vo, Ypo) from which the
pursuer can drive the game to the target set T givenin Eq. ( 23)
against any admissible.control action of the evader.

The capture set of the present game is a bounded region in
the five-dimensional state space. The boundary of the capture
set consists of the target set 7, the hyperplane v = v, (deter-
mined by the initial kinetic energy of the pursuer), and a
closed semipermeable hypersurface called the barrier. The
barrier is formed by an infinite set of game trajectories [solu-
tions of Eqs (16-20)] generated by using a pair of optimal
strategies £*(x) and P*(x) such that ‘

upt’)=E*[x(¢")] (24)
up(t’) = P*x(t")] (25a)
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or (for the high-angle-of-attack aerodynamics)
a*(t’)=P*x@’)] (25b)
If the evader employs its optimal barrier strategy £*, then it
is guaranteed that the state of the game cannot be driven by
any maneuver of the pursuer from the barrier into the interior
of the capture set. On the other hand, the pursuer optimal
strategy guarantees to deny any attempt of the evader to drive
the state of the game to the zone strictly exterior to the capture
set. The optimal strategy pair and the respective control ac-

tions in Egs. (24) and (25) can be determined by the min-max
principle of qualitative games®

min H(x,p,u,,uz) = max H(x,p,up,ug)
Up Ur
= H(x,p,up,uz) =0 (26)
where H(x,p,up,ug) is the Hamiltonian of the qualitative
game and is defined as the scalar product of the state velocity
x and the adjoint vector p = (D, PgDvePosPyp) -

The vector p represents the gradient of the barrier hypersur-
face, whenever such a gradient exists. For the present game,

H = p,[cos(yg — 6) — v cos(yp — §)]
+ pelsin(yg — 0) — v sin(yp — OV/r + p,goug + Hp  (27)

with Hp expressed differently for the two aerodynamic mod-
els. For small angles of attack,

Hp = —py¥a + bu}) + p,pvup (28a)
and for the large-angle-of-attack model,
Hp = — p,(k — cos2a)v? + p,pv sin2a (28b)
The components of the adjoint vector p have to satisfy the
following set of differential equations and transversality con-
ditions:
pr = plsin(ye — 0) — v sin(yp ~ 01/r%, py=p, p>0 (29
Py = —p,[sin(yg — 0) — v sin(yp — 0)
+ polcos(yg — 6) — v cos(yp — 0)1/1, Per=0  (30)
Pye = P sin(yg — 6) — py cos(ye = 6)/r, p,ey=0 (31)
Py = Py c0s(yp — 0) + py sinyp — 8)/r — (dHp/dv)v
Py =0 (32)
Pyp = — Py sin(yp — 6) + pgv cos(yp — 6)/r
Pypy =0 (33

From the min-max principle, the optimal strategies on the
barrier can be determined. For the evader

ug = sign(p,g), Pe %0 (34)
For a pursuer with a parabolic drag polar,
up = pyp/(2bp,v) (35a)

and for the pursuer with the nonlinear aerodynamic model,

. * _ - p’yP
sin2« ———————(pvv)z P (35b)

PO/ 2 S
cos2a* = ot (pw)z (35¢)
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Fortunately, the adjoint equations of the present game [Eqgs.
(29-33)] can be integrated analytically, leading to explicit
functions of the current and final state variables. This process,
detailed in Appendix B, results [by selecting the value of u in
Eq. (29) as unity] in the following expressions:

pr = cos(0 —6;) (36)
Py = —rsin(@ —6y) (37

Dye = —olcos(ygs — 0r) — cos(ye ~0y)Isign[sin(yz — ;)] (38)

Py = —cos(ygr — 07)1/v 39
Dyp =rsin(@ —0,) — p.e 40

where
T=t—t’ 41

is the normalized time to go. For small angles of attack
H* = cos(ygs — ) — v cos(yp — 0y)
—apv?+ p,p2/2bp, =0 (42a)
and for the large-angle-of-attack model
H* = cos(ygr — ) — v cos(yp — 8y) — kp,v?
= vilw) + el =0 (42b)

The value of 7 also can be obtained explicitly from Egs.
(38-42) as a function of the system state variables and their
final values.

Equation (34) indicates that the possible existence of a sin-
gular control strategy is associated with p,g = 0 for some
finite period of time. Substituting Eqs. (36) and (37) into Eq.
(31) transforms it to

Py =sin(ye — 6p); Pyer =0 43)

One can thus conclude that if vz = 6 then
Pety') = pygr =0 (44)

which leads to p,gr (') = 0 for at least some finite period of
time in the neighborhood of #;’. The singular control strategy
can be obtained differentiating once again p,r with respect to
time,

Pye = 0 cos(ye — Op)ug 45)

and equating p. g to zero along the singular trajectory. It leads
to the singular evader control,

ug =0 (46)

implying that along the singular trajectory vg = ygr = 0. This
singular trajectory is on a ‘‘universal surface’’ (US) of the
evader. It reaches the target set, and its optimality is exhibited
by attracting nearby barrier trajectories from both sides.? The
pursuer strategy remains continuous on both sides of this US.

It is important to note that although a US in differential
games has some similarity to a singular trajectory in optimal
control problems, a clear distinction has to be made between
them. In the game solution, the satisfaction of the sufficiency
conditions, based on verifying that the US indeed attracts
neighboring optimal trajectories, is of major importance. The
well-known Kelley-Contensou test'® of optimal control theory
is only one of the necessary conditions implied by the verified
optimality.
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For all final conditions satisfying vyg, 6,
ug = — ugy signlsin(ye ~ 6] 47

It can thus be summarized that the evader’s strategy is to turn
toward the final line-of-sight direction. This strategy is identi-
cal to the one obtained in the ‘‘game of two cars.’’?

The optimal control strategy of the pursuer is obtained by
substituting the expressions for p,v and p,, from Eqgs. (39) and
(40) into Eqgs. (35).

For the parabolic drag polar, one obtains

» _ DPyg —rsin@ —6y)

P 2p cos(yer — )7 (48a)

with p,r given by Eq. (38). For the nonlinear aerodynamic
model, also using Eq. (42b), the result is

Py — 1 sin(@ — 6y)

sin2a* =
<; + kr) cos(ygr — 0y) — cos(y, — 6y)

(48b)

Vr COS(‘Ypf - 0f)-r

cos2a* =
<; + k7 ) cos(ygs — ) — cos(y, — 8y)

(48¢)

Inspection of Eq. (48a) provides an interesting insight. The
optimal strategy of the pursuer can be considered as being
composed of two parts: a first part reacting to the evader’s
optimal maneuver (represented by p.r) and a second part
compensating for the line-of-sight rotation. Moreover, the
denominator in Eq. (48a) is proportional to the induced drag
parameter of the missile, implying an optimal energy manage-
ment.

For the high-angle-of-attack aerodynamic model [Egs.
(48b) and (48¢)], there exists an interesting geometrical inter-
pretation depicted in Fig. 2.

At the end of the game, the numerators and denominators
in Eqgs. (48) are all equal to zero. Thus, the final value of the
pursuer’s optimal control has to be obtained by the rule of
I’Hopital,

lim p,,/0p)= lim p,,/(p,) “9)
t'—t; L' —t;

Using Eqgs. (32) and (33), one obtains for small angles of

e ’WEf’Qf

Op
rsin(@-G)f-)
[C]
f
P /YEf‘ £
i
-

Fig. 2 Pursuer evader controls geometric interpretation for the high-
angle-of-attack model.
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attack

up(ty) = —tan(ypr — 6,)/2b (50a)
and for the high-angle-of-attack model

tan2e*(f;) = — tan(yp; — 0y) (50b)

Both expressions indicate that the pursuer’s strategy is to turn
toward the final line-of-sight direction, but this direction is
never reached. This behavior is similar to the one observed in
Ref. 4. i

The only exception is yp; = 0;. In this case yp(z’) = 0, and
consequently yp(f’) = 0, throughout the entire pursuit. For
this particular end condition Eq. (38) is simplified based on
Eqgs. (B7) and (B9) to

pye = rsin(@ —0y) (51)
leading to
ug = sign[sin(6 — 6,)] (52)

IV. Barrier Construction

Since the optimal control strategies of the players are ex-
pressed by explicit functions of the state variables and their
final values, the barrier trajectories can be constructed by a
backward integration starting at the boundary of the useable
part (BUP) of the target set.

For the barrier construction, the four-dimensional reduced
space r, ¢z, v, ¢pis employed. Without losing any generality,
the final line of sight will be employed as the angular reference
line, i.e., 6, = 0.

In the reduced space, the target set as well as the barrier are
three-dimensional manifolds. The barrier supports itself in the
two-dimensional BUP defined by

r=ry, Vy = COSPpr/COSPps (53)

In the process of constructing barrier trajectories, ¢g; and
¢pr serve as two independent parameters. Integration of the
trajectories stops at v = v,. For this reason, it is convenient,
since the game is autonomous, to use v as the independent
variable. In the computations presented in this paper, the
aerodynamic model for small angles of attack in Egs. (7) and
(8), with parameters detailed in Table 1, was used.

The US of the evader discussed in the previous section is
only one example of possible singularities. In effect, it is one
of the easiest to discover because it generally terminates on the
target set. It serves itself as the locus of attractive optimal
trajectories. Every point on the US is a source of two optimal
trajectories generated in retrotime by opposite control strate-
gies of the respective player (in the present game the evader).
Unlike most of the other singular surfaces in differential
games, the adjoint vector is continuous on both sides of the
Us.

Table 1 Parameters of the game, parabolic drag polar

Parameter Symbol Value
Minimum admissible turning Riret 1515.15 m
radius of the pursuer
Evader velocity Vi 300 m/s
Ratio of pursuer’s minimum [ 0.809
turning radius to that of
the evader
Ratio of parasitic drag to a 0.0875
maximum lift
Ratio of induced drag to b 0.40
lift at maximum lift
coefficient
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Fig. 3 Trajectory pair starting on the dispersal surface. ‘ i
0 T et T
, ~180 -90 0 90 180
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) Fig. 6 Intersection of the capture zone with v = vy (projection on the
—0.1 pursuer ¢p — ¢ plane, range contours omitted).
-0.2
360
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~0.4 2401 no capture
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Fig. 4 Controls of the pursuer. 60 i
0 i i3 NP .
-180 -30 o 90 180
evader 2 Q/
1.0 p, (deg)
Fig.7 Map of equal capture ranges at v = vy (projection on the
0.5 ¢p — ¢ plane).
u 0.0 turn or right turn, and the pursuer reacts to this choice accord-
ingly.
—0.5 As mentioned earlier, the barrier is a three-dimensional
: hypersurface in a four-dimensional state space (r, ¢z, v, ¢p)
‘o evoder 1 and therefore cannot be fully visualized as such. The intersec-
) tion of this barrier with the hyperplane v = vy with v, a
constant, is, however, a two-dimensional surface character-
T " 1 ized by the set of points (ry, ¢, Dpo). For a given value of vy,
1 2 ° 3

v
Fig. 5 Controls of the evader.

The most common example of a game singularity with a
discontinuous adjoint vector is a ‘‘dispersal surface’ (DS).
Along such a surface one of the players (or both) has a choice
to select different optimal strategies corresponding to differ-
ent values of the respective adjoint variables. In the presently
solved game, the existence of a DS on the barrier was discov-
ered by the intersection of two families of barrier trajectories.
Each point on this DS is associated with a pair of barrier
trajectories terminating in different points of the BUP. An
example of such a trajectory pair is depicted in Fig. 3.

As can be seen by comparing Figs. 4 and 5, both players
have different controls along the intersecting trajectories. This
- indicates that on the DS both players have two different
possible strategies. The evader has the choice between a left

the “‘maximum capture range’’ ry is a function of the initial
angular geometry represented by ¢go, dpo.

In Figs. 6 and 7, the intersection of the barrier with the
hyperplane vy = 2.67 (V, = 800 m/s) is displayed. Figure 6 is
merely a qualitative one, showing, in the projection on the
dro, Dro plane, the zone of capture and the respective optimal
strategies of the evader. It also reveals a ‘‘dispersal line,”’ the
intersection of the DS with the initial velocity hyperplane. The
intersection of the US with this hyperplane is also shown. It is
the locus of the initial conditions for the optimal trajectories
with singular evader control (uz = 0). For sake of clarity, the
contours of equal initial ranges on this hyperplane are de-
picted separately in Fig. 7. These two figures constitute to-
gether the description of the effective (no-escape) firing envel-
ope of the missile for this given numerical example.

V. Summary and Conclusions
In the present paper, the qualitative pursuit-evasion game
between a coasting missile and a constant-speed aircraft in a
horizontal plane is solved. The adjoint variables of the game
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are integrated analytically allowing us to express the optimal
barrier strategies of the players as explicit functions of the
current and final state variables.

The optimal strategy of the evader is a ‘“‘hard’’ turn toward
the direction of the final line of sight. If this direction is
reached the evader continues in a straight line along the uni-
versal surface of the game. The pursuer’s optimal strategy is
also a turn toward the final line of sight with a turning rate,
which is the sum of two components. The first part reacts to
the evader’s optimal maneuver, and the second part compen-
sates for the line-of-sight rotation. This turning rate is in-
versely proportional to the induced drag parameter of the
missile, implying an optimal energy management.

As a consequence of the explicit form of the barrier strate-
gies, the optimal trajectories on the barrier can be obtained by
retrograde integration of the state equations only, starting at
the “‘boundary of the usable part’’ of the game. By using this
process, the capture set of the game, equivalent to the effective
(no-escape) firing envelope of the missile, can be determined.

As a part of the solution, two types of singular surfaces of
the game were discovered: the universal surface and a disper-
sal surface. These surfaces separate the barrier of the game to
regions of optimal left and right turns of the evader.

Since the control strategies found in the present study de-
pend explicitly on the unknown final state variables, they
cannot be directly implemented. Nevertheless, they can serve
as the basis for a feedback guidance law synthesis, and fur-
thermore, the results of the optimal game solution provide an
excellent tool for comparing the performance of suboptimal
control strategies.

Appendix A: Nonlinear Aerodynamic Model
The aerodynamic normal and tangential forces Fy and Frin
body coordinates acting on P, functions of the angle of attack
«, are assumed to be of the form

Fyn = VYap VPZSCN sina (AD)
Fr=Yp VPZSCT Cosa (A2)

where Cy and Cr are constant aerodynamic coefficients, p is
the air density, and S an area. Gravitation effects are ne-
glected.

Projecting forces along and normal to the pursuer velocity
vector and rearranging

Vp = — pS(CN Sinza + CT COSzOt) Vp2/2m (A3)

vp = pS(Cn — Cr)Vp sina cosa/2m (Ad)

where m is the pursuer’s mass and a dot denotes the derivative
with respect to time ¢.

Substituting sine: and cosa by their expressions in terms of
sin2a and cos2« and rearranging, yields

Vp = —ci(k ~ cos2a)Vp? (AS)
vp= ¢, Vp sin2a (A6)
where
¢ =(Cy ~Cr)pS/4dm (A7)
¢, =(Cn + C7)pS/4m (A8)
k=cyc>1 (A9)

For horizontal flight, ¢; and ¢, can be assumed constant.’
The 1/¢, is the pursuer’s minimum radius of curvature, as can
be readily seen from Eq. (A6), a constant for horizontal flight.
Equations (A5) and (A6) define the pursuer motion in a hori-
zontal plane.
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Appendix B: Solution for the Adjoint Equations

This solution is based on the assumption that the adjoint
vector, associated with the gradient of the barrier surface, is
continuous. Substituting Eqgs. (16) and (17) into Eqgs. (29) and
(30), one obtains

pr=pib/r, Py=p>0 (B
Po= — D0+ per/r, Py =0 (B2)
These two equations can be integrated to yield
Dr = p cos(9 — by) (B3)
Po= — ursin(d — 6y) B4YH
where p is the constant of integration and in particular can be
normalized to 1 since the transversality condition (from where
u was derived) only fixes the direction and not the amplitude
of the adjoint vector on the terminal surface.
Substituting Egs. (B3) and (B4) into Eq. (26) and rearranging
Py = sin(yg — 6)) (B3)
Integrating Eq. (B5) and taking into account Eq. (17)
|pyel = [cos(ygr — 87) — cos(ye — 0]/ uem (B6)
Substituting Eqs. (B3) and (B4) into Eq. (32) leads to
Pyp = — v sin(yp —0) (B7)

It can be readily shown that

dpe + Dyp) _ d[r sin(d — 6)]

B8
de’ dr’ (BY)
which yields, since pygr = pypy =0,

Py =rsin (0 —0;) —p.e (B9

Substituting Eqs. (B3), (B4), (B6), (33), and (34) into Egs. (27)
and (28a) and rearranging, leads for small angles of attack to

H* = cos(ygr — 07) — v cos(yp — by)
~ap,vi+p,,i/2bp, =0 (B10a)

whereas for the high-angle-of-attack model and with Egs.
(35Db), (35¢), and (28b) replacing Eqgs. (35a) and (28a)

H* = cos(ygr — 07) — v cos(yp — 6)

—kpv:i=v[(pV) + Py =0 (B10b)

Multiplying Eq. (32) by v, Eq. (19) or (21) by p,, and adding
the result to the optimal Hamiltonian in Eq. (B10a) or (B10b),
which is zero, one gets
vp, = cos(ygy — Oy) (B11)
Integrating Eq. (B11) backward leads to
P vp, = COS(“/[_{/" - 6_[)7’ (BIZ)
where
T=t'p—t' (B13)

This completes the integration of the adjoint variables as
summarized in Eqgs. (36-40).
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